Abstract. In this paper we are interested in defining affine structures on discrete quadrangular surfaces of the affine three-space. We introduce, in a constructive way, two classes of such surfaces, called respectively indefinite and definite surfaces. The underlying meshes for indefinite surfaces are asymptotic nets satisfying a non-degeneracy condition, while the underlying meshes for definite surfaces are non-degenerate conjugate nets satisfying a certain natural condition. In both cases we associate to any of these nets several discrete affine invariant quantities: a metric, a normal and a co-normal vector fields, and a mean curvature. Moreover, we derive structural and compatibility equations which are shown to be necessary and sufficient conditions for the existence of a discrete quadrangular surface with a given affine structure.
Introduction
Discrete differential geometry has attracted much attention recently, mainly due to the growth of computer graphics. One of the main issues in discrete differential geometry is to define suitable discrete analogous of the concepts of smooth differential geometry. As far as surfaces are concerned, it has been observed that interesting classes of discrete surfaces are not merely discrete equivalent of smooth surfaces, i.e. two-dimensional differential sets of points, but rather analogous to some parameterizations of (smooth) surfaces, i.e. surfaces coming with a given coordinates system, such as asymptotic or isothermal coordinates.
Our purpose here is to continue the study toward a hopefully consistent theory of discrete surfaces in the affine 3-space R 3 . Let us mention some work that have been done on the subject: in [2] a definition of discrete affine spheres is proposed, and the case of improper affine spheres were considered in [5] and [6] . In [4] , we gave a constructive definition of discrete affine minimal surfaces with indefinite Berwald-Blaschke metric. In all these works, surfaces with indefinite metric were modeled by asymptotic net while surfaces with definite metric were modeled by discrete conjugate nets. Asymptotic, respectively discrete conjugate, nets are characterized by the fact that their crosses, respectively faces, are planar, and may be viewed as the discrete equivalents of parameterizations in asymptotic, respectively isothermal, coordinates. In this paper we introduce two general classes of discrete affine surfaces, inspired by the theory of smooth affine surfaces, and we try to get as many properties or structures analogous to the smooth case as possible. It turns out that our two classes include as particular cases the constructions of [5] , [4] [6] and [2] .
In the indefinite case, we construct an asymptotic net satisfying a natural assumption of non-degeneracy which implies in particular that all the vertices of the surface are saddles. On such a discrete surface, we define the so-called co-normal vector field that satisfies, as in the smooth case, Lelieuvre's equations. In the definite case, we consider discrete conjugate nets satisfying a non-degeneracy condition insuring that the surface is locally convex at the vertices and, in addition, a simple equation which turns out to be equivalent to the existence of a co-normal vector field defined on the planar faces, orthogonal to them, and again satisfying Lelieuvre's equations. In both cases, starting from the co-normal vector field, it is possible to obtain, by numerical integration, explicit examples of immersions.
Moreover, we are able to define several affine invariant structures on the surfaces we have defined, such as the affine metric and the normal field, and to get structural equations relating them. These equations feature several dimensionless parameters, called discrete parameters, that are close to 1 when the discrete surface is close to a smooth surface. Simpler versions of these equations are found in [2] and [4] . We also discuss here how to define a discrete affine mean curvature H.
Surfaces with indefinite metric and asymptotic parameters
Assume that the affine surface has indefinite metric. We can make a change of coordinates such that L=N=0. Such coordinates are called asymptotic. We may assume that M > 0, and the metric takes the form ds 2 = 2Ωdudv, where Ω 2 = M . The vector field ν = qu×qv Ω is called the co-normal vector field. It satisfies Lelieuvre's equations
The co-normal vector field satisfies ν uv = HΩν, where H is a scalar function called the affine mean curvature. The affine normal vector field is defined as ξ = q uv Ω and satisfies ν · ξ = 1. It is easy to verify that
We can write Gauss equations as
are the coefficients of the affine cubic form. The shape operator in basis {q u , q v } is given by
We remark that the trace of the shape operator is given by −2H. The parameters Ω, A, B and H must satisfy some compatibility equations: If we compare mixed third derivatives of q, we obtain
And if we compare mixed second derivatives of ξ, we obtain two other compatibility equations,
Conversely, given Ω, A, B and H satisfying the compatibility equations, there exists a surface q(u, v) satisfying the above equations.
Surfaces with definite metric and isothermal parameters
Assume that the affine surface has definite metric. We can make a change of coordinates such that L − N = M = 0. Such coordinates are called isothermal. Moreover, we may assume that L = N > 0, and we define Ω by Ω 2 = L = N . In this case, the metric takes the form ds 2 = Ωdu 2 + dv 2 .
As above, the vector field ν = qu×qv Ω is called the co-normal vector field and satisfies Lelieuvre's equations
The co-normal vector field satisfies ν uu + ν vv = HΩν, where H is a scalar function called the affine mean curvature. The affine normal vector field is defined as ξ = q uu + q vv 2Ω and satisfies ν · ξ = 1. It is easy to verify that
where
are coefficients of the cubic form. One can also verify that the trace of the shape operator is H. As in the indefinite case, the parameters Ω, A, B and H must satisfy some compatibility equations: If we compare mixed third derivatives of q, we obtain
Co-normal vector field and the discrete parameter. A co-normal vector field ν with respect to an asymptotic net q is a vector-valued map defined at the vertices (u, v), orthogonal to the planar crosses and satisfying the discrete Lelieuvre's equations
The existence of the co-normal vector-field is guaranteed by the following proposition: 
Finally, we can get the other co-normal fields of the family by
where ρ is any positive constant.
Proof.
We begin by fixing a positive initial value λ(u 0 + 1 2 , v 0 + 1 2 ) at some face of the net and define ν(u 0 , v 0 ),
We observe that 
By repeating this procedure, we can define λ in all the domain D and the coincidences relations prove that the scalar λ is uniquely defined at any face (u + To construct examples of asymptotic nets, it is easier to begin with the co-normal vector field. It turns out that a given vector field is the co-normal vector field of an asymptotic net if and only if it is a Moutard net (see [ 
for some map
. One can also verify that necessarily
Proof. From Lelieuvre's equations, we have
and
Thus
and the proposition is proved.
It is interesting to observe that, in terms of the co-normals, the affine metric is given as
The parameter λ will be called the discrete parameter.
The normal vector field. The affine normal vector field ξ is defined at each quadrangle (u +
It satisfies the following equations:
In Figure 1 we see an illustration of the co-normal and normal vector fields. 
Examples
Example 3 Examples of asymptotic nets with λ = 1 can be obtained starting with a smooth 3-dimensional vector field ν(u, v) satisfying ν uv = 0. We consider a sampling ν(i∆u, j∆v) and the discrete immersion is obtained by integrating the discrete Lelieuvre's equations. This nets were studied in [4] , where they were called discrete affine minimal surfaces. In figure 2 , one can see such a surface obtained from ν(u, v) = (
Example 4 We begin with an asymptotic parameterization of the one-sheet smooth hyperboloid
Taking derivatives Integrating q u and q v one can show that
Straightforward calculations show that
Ω = 2c 3/2 sinh 2 (u + v) , ν(u, v) = c 1/2 1 sinh(u + v) (cosh(u − v), sinh(v − u), cosh(u + v)) and ξ(u, v) = c −1/2 1 sinh(u + v) (− cosh(u − v), sinh(v − u), cosh(u + v)).
One can also verify that
Denoting by ν(u, v) the co-normal vector of the smooth hyperboloid, one can verify that 
.
In figure 3 ,we see the discrete hyperboloid with 1 ≤ u ≤ 3, 1 ≤ v ≤ 3, ∆u = 2/50 and ∆v = 2/51. 
and then extend to the triangle
In figure 4 , we see the surface obtained from
Structural equations, mean curvature and compatibility

Discrete Gauss Equations I
Define and
The functions A(u, v) and B(u, v) can be considered as the discrete equivalent of the coefficients of the smooth cubic form, but we shall not discuss this interpretation in the present paper. Notation. In order to get more concise equations, from now on we shall use the following notation:
2 ) = λ 12 , and a similar notation for Ω. For A , we use
, with a similar notation for B.
Proposition 6 The Gauss equations of the affine immersion are given by
We can also write
Proof. We prove the first formula, the others being similar. Since crosses are planar, q 11 (u, v) is a linear combination of
Discrete Gauss equations II
We define the weighted derivatives of ξ in the u-direction as
Observe that these vectors are orthogonal to ν(u, v) and ν(u, v + 1), respectively. Similarly, define
and observe that they are orthogonal to ν(u, v) and ν(u + 1, v), respectively.
Proposition 7 The Gauss equations for the derivatives of the normal vector field are given by
12
Proof. Since the proofs of all formulas are similar, we only prove the first one. We can write
If we multiply by
) we obtain
Since
, we conclude that
Mean curvature
In the smooth case, the mean curvature is the trace of the shape operator. When we are using asymptotic parameters, we can calculate it directly from HΩ = −ξ u · ν v = −ξ v · ν u . Based on this idea, we discuss now a possible definition of discrete affine mean curvature.
We calculate
12
. Also
. We conclude that
2 . Our proposal is to define the affine mean curvature H at (u, v) by
It is interesting to observe that if the co-normal vector field is discrete harmonic, i.e., λ = 1, then H = 0. Thus the class of asymptotic nets with vanishing mean curvature contains the class of discrete minimal affine surfaces introduced in [4] .
Affine Spheres
In [2] , a definition of discrete affine spheres preserving the duality between q and ν is proposed. But this class does not include the hyperboloid of Example 4 with a general sampling pair (∆u, ∆v). Actually, this hyperboloid satisfies the definition of [2] if and only if ∆u = ∆v. We propose here a new definition of discrete affine sphere that includes the definition of [2] as a particular case. With this new definition, the hyperboloid of Example 4 with any sampling pair (∆u, ∆v) becomes an affine sphere.
We say that the asymptotic net is an affine sphere if
These conditions imply that
We remark that an affine sphere as defined above is also an affine sphere as defined in [2] if and only if
12 − λ 12 , for some constant c.
Compatibility Equations
The first compatibility equation is obtained by comparing the expansions of q 112 and q 121 :
There are two other compatibility equations, obtained by comparing the mixed second derivatives of ξ:
The proofs of these equations are left to the appendix of section 3. (2), (3) and (4), there exists an asymptotic net q satisfying Gauss equations. Moreover, two asymptotic nets with the same Ω, λ, A and B are affine equivalent.
Theorem 8 Given functions Ω, λ, A and B satisfying the compatibility equations
Proof. We begin by choosing four points q(0, 0), q(1, 0), q(0, 1) and q(1, 1) satisfying
2 ). Those four points are determined up to an affine transformation of R 3 . From a quadrangle (u − 
Appendix of section 3: Proofs of Compatibility Equations
To prove the first compatibility equation, we calculate q 112 (u, v + 1 2 ) in two different ways. Since q 12 (u +
). From equations of subsection 3.2.2 we conclude that the coefficient of q 1 (u + 
On the other hand, q 112 (u, v + 1 2 ) = q 11 (u, v + 1) − q 11 (u, v), with
The first compatibility equation follows directly from (5) and (6).
To prove the second and third compatibility equation, we observe that
Using the formulas of subsection 3.2.2 and comparing the coefficients of q 1 (u + We say that the discrete conjugate net is non-degenerate if the sign of the following four quantities is the same and does not depend on (u, v):
In the following, we shall assume that
Unlike the indefinite case where we were able to describe an affine discrete structure on any non-degenerate asymptotic net, we need to consider here non-degenerate discrete conjugate nets with an extra assumption. We shall say that a nondegenerate asymptotic net is special if it satisfies the following compatibility equation
Affine metric. At (u, v), we denote
and define the metric by
Co-normal vector field and discrete parameters. A co-normal vector field ν with respect to a discrete conjugate net q is a vector-valued map defined at any face (u +
2 ) of the net, orthogonal to it, and satisfying the discrete Lelieuvre's equations
It turns out that a necessary and sufficient condition for the existence of co-normal vector field with respect to a given non-degenerate discrete conjugate net is the special condition (7).
Proposition 9 A non-degenerate discrete conjugate net q admits a one-parameter family of co-normal fields if and only if is satisfies the special condition (7) . Any such co-normal field is determined by four positive parameters α(u, v), β(u, v), γ(u, v) and δ(u, v) that satisfy the following coincidence relations:
Finally, we can get the other co-normal fields of the family by
Proof. We first assume that there exists such a co-normal vector field. It follows that there exists maps α(u, v), β(u, v), γ(u, v) and δ(u, v) satisfying the coincidence relations. Making the vector product of the first two coincidence relations, using the identity (A × B) × (A × C) = [A, B, C]A, and Lelieuvre's equation we obtain
From these, Equation (7) follows easily, so we see that a discrete conjugate net must be special in order to admit a co-normal vector field. Moreover, we see that β(u, v), γ(u, v) and δ(u, v) are uniquely determined by α(u, v).
The next step consists in fixing an initial value α(u 0 , v 0 ) and define ν at the faces
This in turn determine the value of α(u − 1, v), α(u − 1, v − 1) and α(u, v − 1) and thus the corresponding values for the maps β, γ and δ. We can therefore determine ν at five adjacent faces, and from now on the proof follows closely the lines of the proof of Proposition 1 and we are able to define in a unique way the co-normal field on all the domain D.
As in the indefinite case, it is easier to construct examples beginning from the co-normal vector field.
Proposition 10 A vector field ν(u + 
Proof. We have
2 )), thus proving the proposition.
In terms of the co-normal vector field, the affine metric is given by
and the parameters α(u, v), β(u, v), γ(u, v), δ(u, v) are given by
Observe that (α + γ) · (β + δ) = 4 and
We define another parameter λ(u, v) by
The parameters α, β, γ, δ and λ are called discrete parameters.
Normal vector field. The discrete affine normal ξ is defined as
One can verify that
We remark that the above formulas imply that discrete conjugate nets satisfying (7) are necessarily convex. In Figure 5 we see an illustration of the co-normal and normal vector fields. 
Examples Example 11
We say that a discrete conjugate net as above is an affine sphere if ξ(u, v) = −q(u, v). In this case, it is easy to see that λ = 1, and the above definitions reduce to the definitions proposed in [2] . In fact, all the equations obtained below for definite discrete affine surfaces can be seen as generalizations of the corresponding equations in [2] .
Example 12
We can define discrete conjugate nets beginning with co-normals. We first define ν(u + 
In figure 6 , we can see a surface where we have taken ν(u + 
Structural equations, mean curvature and compatibility
Discrete Gauss equations I
In this subsection we generalize Theorem 5.1 of [2] . From now on, we shall change slightly the notation in order to write smaller equations. We shall write α(u, v)
and α(u − 1, v + 1) = α 12 , with a similar notation for the parameters β, γ, δ, λ and Ω.
Lemma 13
We can write
Proof. To calculate P , observe that q 12 (u +
The calculations for Q are similar. The third and fourth equations can be written as We now re-write lemma 13 in a more usual way:
Theorem 14 Gauss equations can be written in the form
q 11 (u, v) = α 0 − β 0 λ −2 0 α 0 q 1 (u + 1 2 , v) + δ 0 λ −2 0 − α 0 α 0 q 2 (u, v + 1 2 ) + β 0 Ω 0 λ −1 0 ξ(u, v) q 22 (u, v) = β 0 λ −2 0 − α 0 α 0 q 1 (u + 1 2 , v) + α 0 − δ 0 λ −2 0 α 0 q 2 (u, v + 1 2 ) + δ 0 Ω 0 λ −1 0 ξ(u, v) q 12 (u + 1 2 , v + 1 2 ) = δ 2 Ω 2 − α 0 Ω 0 α 0 Ω 0 q 1 (u + 1 2 , v) + β 1 Ω 1 − α 0 Ω 0 α 0 Ω 0 q 2 (u, v + 1 2 ).
Discrete Gauss equations II
We begin this subsection by generalizing the dual discrete Lelieuvre's equations of [2] .
Theorem 15
We have that
Proof. Observe first that λ
Multiplying by q 1 (u + 1 2 , v) we obtain m = −1.
We define the weighted derivatives of the affine normal by the following formulas: where E and F are parameters whose formulas will be given below.
Proof. Writing D The same argument can be used to calculate the coefficient of q 1 (u − 
Another important formula that we obtain in this expansion is
This formula can be seen as a first compatibility equation, or first discrete Gauss-Codazzi equation.
Mean curvature
We would like to define the affine mean curvature as the trace of the shape operator, as in the smooth case. At the center of a face, it is not clear which basis we should take. Our choice is to calculate the derivatives of the affine normal in the diagonal basis.
We denote the diagonal vectors at a face by 
